The vibrational characteristics of a cantilever beam are well known to strongly depend on the fluid in which the beam is immersed. In this paper, we present a detailed theoretical analysis of the frequency response of a cantilever beam, that is immersed in a viscous fluid and excited by an arbitrary driving force. Due to its practical importance in application to the atomic force microscope ͑AFM͒, we consider in detail the special case of a cantilever beam that is excited by a thermal driving force. This will incorporate the presentation of explicit analytical formulae and numerical results, which will be of value to the users and designers of AFM cantilever beams.
I. INTRODUCTION
It is well known that the frequency response of an elastic beam, due to an external driving force, is strongly dependent on the fluid in which it is immersed. In the absence of the fluid ͑i.e., in vacuum͒, analysis of the natural resonant frequencies of the beam is routine, and can be solved using simple analytical techniques in many cases of practical interest. 26 In contrast, the calculation of the frequency response of an elastic beam immersed in a viscous fluid poses a formidable challenge, and to date neither an analytical nor numerical solution to the problem, which rigorously accounts for the effects of viscosity, has appeared in the literature. At this stage we must emphasize that numerous theoretical studies have been carried out with the assumption that the fluid is inviscid in nature ͑see Refs. 1, 2, 4, 7-11, 15, 22, 24͒, a justifiable approach in many cases of practical interest, as we shall discuss. However, for situations where structural and radiation damping are negligible in comparison to dissipative viscous effects in the fluid, 27 these approaches are clearly incapable of giving any information about the total frequency response of the beam, and consequently only indicate the positions of the resonance peaks. Furthermore, these approaches can lead to significant errors in the positions of the resonance peaks, depending on the dimensions of the beam, as we shall discuss in detail. This is particularly true for cantilever beams used in the atomic force microscope ͑AFM͒. We now note that to our knowledge the only model that includes the effects of viscosity is the heuristic approach of approximating the beam by a sphere. 14, 16, 21 Clearly, such an approach is unsatisfactory, since it does not rigorously account for the true geometry of the beam. Therefore, it is highly desirable to have a rigorous theoretical model that accurately accounts for viscous effects in the fluid.
In this article, we present a general theoretical model for the frequency response of a cantilever beam of arbitrary cross section, which is excited by an arbitrary driving force, and immersed in a viscous fluid of arbitrary density and viscosity. We emphasize that the fundamental restrictions on the analysis are that the amplitude of vibration must be small, the fluid must be incompressible, and the length of the beam must greatly exceed its nominal width, as we shall discuss in detail. The formulation for a general cross section is then made possible by the specification of a ''hydrodynamic function'' which accounts for the geometry of the cross section of the beam. Depending on the cross section of the beam, this hydrodynamic function can be calculated analytically or numerically, as we shall discuss. Since beams that are rectangular or circular in cross section are of considerable practical interest in many applications ͑e.g., see Refs. 2-6, 9, 12, 13, 15, 20, 28, 29͒, we shall give explicit analytical formulae for the hydrodynamic functions in both these cases.
Knowledge and understanding of the frequency spectra of cantilever beams excited by a thermal driving force is of fundamental practical importance in application to the AFM. 18, 30, 31 However, despite the significant amount of experimental work that has been carried out on this problem, 14, 18, 19, 21, 23 a theoretical model capable of predicting the observed spectra has hitherto remained elusive. At this stage, we note that a theoretical study of the thermal spectra of AFM cantilever beams recently appeared in the literature. 31 However, the model presented in Ref. 31 accounts for the hydrodynamic loading by assuming that only dissipative effects are present in the fluid, which are subsequently modeled in a simplistic fashion that involves an unknown fitting parameter. This fitting parameter is then calculated from knowledge of the quality factor of the frequency response, which is measured experimentally. Therefore, it is clear that the model presented in Ref. 31 cannot be used to give a priori predictions of the frequency spectra. In contrast, the present model rigorously accounts for both dissipative and inertial effects in the fluid, and is therefore capable of making detailed calculations of the thermal frequency spectra of AFM cantilever beams of arbitrary dimensions immersed in arbitrary viscous fluids. Using the present theoretical model, the frequency response is determined in an a priori manner from the material and geometric properties of the beam and the density and viscosity of the fluid.
At this stage we note that in many experimental and theoretical treatments to date it has been assumed that in the neighborhood of a resonance peak the thermal frequency spectrum of a cantilever beam is well approximated by that of a simple harmonic oscillator ͑SHO͒. 14, 18, 32 Using the present theoretical model, we rigorously show that this hypothesis is only valid in the case where dissipative effects in the fluid can be considered to be small. If this latter condition is not satisfied, however, then such an analogy is not possible. Consequently, we give explicit analytical formulae for the quality factor and resonant frequency of the frequency response in the case where dissipative effects in the fluid are small but finite, results which to date have remained elusive despite a considerable amount of research activity. 5, 16, 21, 31 We also present detailed theoretical results for the thermal frequency spectra of cantilever beams immersed in gases and fluids of arbitrary properties, which will be of significant practical value to the users and designers of AFM cantilever beams. Finally, we note that a comparison and assessment of the present theoretical model with detailed experimental results shall be presented in Ref. 33 .
II. PRELIMINARY DISCUSSION
We begin by discussing the general assumptions and approximations implemented in the present theoretical model. A schematic depiction of a cantilever beam of arbitrary cross section is given in Fig. 1 , and it is assumed that the beam satisfies the following criterion:
͑1͒ The cross section of the beam is uniform over its entire length; ͑2͒ The length of the beam L greatly exceeds its nominal width b; see Fig. 1 ; ͑3͒ The beam is an isotropic linearly elastic solid and internal frictional effects are negligible; ͑4͒ The amplitude of vibration of the beam is far smaller than any length scale in the beam geometry. 34 Furthermore, we shall neglect all torsional effects in the beam and only consider the flexural modes of vibration. In particular, we shall consider modes whose motion is strictly in the z-direction; see Fig. 1 . We emphasize that the above stated assumptions and restrictions are satisfied in many situations of practical interest, including cantilever beams used in the AFM. Since the amplitude of vibration is small, it then follows that all nonlinear convective inertial effects in the fluid can be neglected, and the hydrodynamic loading on the beam will be a linear function of its displacement. Also, it is a direct consequence of criterion ͑2͒ above, that the velocity field in the fluid will vary slowly along the length of the beam in comparison to chordwise variations across its width. This indicates that the dominant length scale in the hydrodynamic flow is the nominal width b. It then follows that the velocity field at any point along the beam is well approximated by that of an infinitely long rigid beam executing transverse oscillations with the same amplitude. At this stage, we note that this approximation is implemented in the derivation of the well-known inviscid result for a rectangular cantilever beam due to Chu, 1 for which good accuracy has been demonstrated in comparison to experimental measurements
where fluid and vac are the resonant frequencies in vacuum and fluid, respectively, c is the density of the beam, b and h are the width and thickness of the beam, and is the density of the fluid. The fluid in which the cantilever beam is immersed is also assumed to be incompressible in nature. This assumption is justifiable in many cases of practical interest, since it is typically found that the wavelength of vibration greatly exceeds the dominant length scale in the flow b, which in turn is much larger than the amplitude of vibration. 35, 36 The assumption of incompressibility also holds for gases, provided the above conditions are satisfied and the dominant length scale in the flow b greatly exceeds the mean free path of the gas. If this latter constraint were not satisfied, the treatment of the gas as a continuum would not be justified. We note that these constraints are satisfied in most cases of practical interest but situations do arise, particularly at low gas pressures where the latter constraint is violated.
As discussed above, the inviscid fluid model of Chu, Eq. ͑1͒, can and has been successfully used to predict the resonant frequencies of cantilever beams of rectangular cross section immersed in viscous fluids. We now examine the validity of approximating a viscous fluid by an inviscid fluid, as the dimensions of the beam are varied. Since the dominant length scale in the flow is the nominal width b, it then follows from the above discussion that the appropriate Reynolds number Re for flow 37 is given by
where and are the density and viscosity of the fluid, respectively, whereas is a characteristic radial frequency of the vibration. Clearly, in the limit as Re→ϱ the fluid can be considered to be inviscid in nature, and that for practical cases where Reӷ1 the inviscid fluid model is applicable. However, if we approximate by the resonant frequency of the cantilever beam in vacuum, it becomes evident that a reduction in the dimensions of the beam will also result in a reduction in Re; this shall be discussed in detail in Sec. IV. Correspondingly, viscous effects in the fluid become increasingly important as the dimensions of the beam are reduced. For AFM cantilever beams, it is found that ReϳO͑1͒, 17 which indicates that the inviscid fluid model is not applicable, and if used will result in significant errors, as was demonstrated in Ref. 17 . Furthermore, we note that by construction the inviscid fluid model Eq. ͑1͒ gives no information about the frequency spectrum but only indicates the position of the resonance peak. In this paper, we rigorously include the effects of viscosity and consequently present results for the total frequency spectrum of the cantilever beam, that are valid for all beam dimensions.
III. THEORY

A. General theory
In this section we present the general theory for the dynamic deflection of a cantilever beam immersed in a viscous fluid and excited by an arbitrary external driving force. As discussed above, the theory to be presented is applicable to beams of arbitrary cross section, that are uniform along their entire length. All other restrictions and assumptions are as discussed in the previous section.
To 
where L is the length of the beam ͑see Fig. 1͒ . We now scale the spatial variable x with the length of the beam L and take the Fourier transform of Eq. ͑3͒ to obtain
where
for any function of time X. For simplicity of notation, the spatial variable x in Eq. ͑5͒ refers to its scaled quantity; this convention shall be applied henceforth. We note that in contrast to Eq. ͑3͒, Eq. ͑5͒ is an ordinary differential equation in the scaled spatial variable x, and is parametric in the radial frequency variable . Since Eq. ͑5͒ is obtained by taking the Fourier transform of Eq. ͑3͒, it then follows that the boundary conditions for Ŵ (x͉) are identical to those for w(x,t) given in Eq. ͑4͒, with all partial derivatives replaced by full derivatives and with the spatial variable replaced by its scaled quantity. For a cantilever beam moving in a fluid, the external applied load F (x͉) can be separated into two contributions:
The first component in Eq. ͑7͒ is a hydrodynamic loading component F hydro (x͉) due to the motion of the fluid around the beam, whereas the second term is a driving force F drive (x͉) that excites the beam. To proceed with the analysis, the general form of F hydro (x͉) is required. We therefore examine the Fourier transformed equations of motion for the fluid
where û is the velocity field, P is the pressure, is the density of the fluid, and its viscosity. Note that the nonlinear convective inertial term is neglected in Eq. ͑8͒, for reasons discussed in the preceding section. It is evident from Eq. ͑8͒ and the discussion given in Sec. II that the general form of F hydro (x͉) is given by
where the ''hydrodynamic function'' ⌫͑͒ is dimensionless and is obtained from the solution of Eq. ͑8͒ for a rigid beam, with identical cross section to that of the cantilever beam, undergoing transverse oscillatory motion. The constant b in Eq. ͑9͒ is the dominant length scale in the hydrodynamic flow, as discussed above, which for a circular cylinder is its diameter, whereas for a rectangular beam is its width. We shall examine the explicit form of the hydrodynamic function for these two cases in Sec. III B. Substituting Eq. ͑9͒ into ͑5͒ and rearranging we find
The elastic properties of the cantilever beam can be implicitly removed from Eq. ͑10͒ by noting that the fundamental radial resonant frequency of the beam in vacuum, vac,1 , is given by
where C 1 ϭ1.875104... is the smallest positive root of
where nϭ1,2,3,... . Substituting Eq. ͑12͒ into ͑10͒ then gives
.
͑15͒
Since ŝ (x͉) is taken to be arbitrary in this general formulation, it is convenient to express the solution of Eq. ͑14͒ in integral form, using the theory of Green's functions. 38 The appropriate Green's function G(x,xЈ͉) for Eq. ͑14͒ satisfies
where ␦(xϪxЈ) is the Dirac delta function. The boundary conditions for Eq. ͑16͒ are identical to those presented in Eqs. ͑4͒. The solution of Eq. ͑16͒ for G(x,xЈ͉) is given in Eq. ͑A4͒ of the Appendix A. From Eqs. ͑4͒, ͑14͒, and ͑16͒ it can then be easily shown 38 that the general solution to Eq. ͑14͒ is given by
Equation ͑17͒ is the result we seek and gives the deflection function Ŵ (x͉) of the cantilever beam immersed in a viscous fluid as a function of an arbitrary normalized external driving force ŝ (x͉). If the deflection function w(x,t) in the time domain were required, then it could be obtained by taking the inverse Fourier transform of Eq. ͑17͒. However, this shall not be implemented in the present work, since we are primarily interested in the frequency response of the cantilever beam.
B. Hydrodynamic function ⌫"… for circular and rectangular beams
We now present analytical expressions for the hydrodynamic functions ⌫͑͒ of beams that are circular and rectangular in cross section. For the rectangular cross section, it is assumed that the width b of the beam greatly exceeds its thickness h ͑see Fig. 2͒ . As noted above, ⌫͑͒ is obtained by considering the rigid transverse oscillations of an infinitely long beam whose cross section is identical to that of the cantilever beam in question.
For a beam that is circular in cross section, the exact analytical result for ⌫͑͒ is well known, 39, 40 and is given by
where Reϭb 2 /(4), as defined in Eq. ͑2͒, whereas b is the diameter of the cylinder and corresponds to the dominant length scale in the hydrodynamic flow, as discussed above. The subscript circ indicates that the solution refers to a circular cylinder. The functions K 0 and K 1 are modified Bessel functions of the third kind. 41 In contrast, the formulation of an exact analytical solution to ⌫͑͒ for a beam that is rectangular in cross section poses a formidable challenge, and to our knowledge no such solution has appeared in the literature. However, the formulation can be greatly simplified by noting from the outset that the hydrodynamic function ⌫͑͒ of a rectangular beam of finite thickness is well approximated by that of an infinitely thin beam, provided its width b greatly exceeds its thickness h ͑see Fig. 2͒ . An exact analytical solution to the latter problem was derived by Kanwal, 42 who formally expanded the governing equation for the stream function in elliptic coordinates, and consequently obtained a solution in terms of an infinite series in Mathieu functions. 41 Unfortunately, the resulting formulation is complicated and requires a significant amount of numerical computation. Therefore, we do not implement that solution, but instead refer to the more recent numerical and asymptotic investigations of Tuck, 43 who demonstrated that the hydrodynamic functions for a circular cylinder and an infinitely thin rectangular beam are approximately identical ͑deviations between the results never exceed 15% over the range 0.1рReр1000͒. 43 Furthermore, from Appendix 1 of Ref. 43 it is evident that the hydrodynamic functions for a circular cylinder and a rectangular beam possess the same asymptotic forms in the limits as Re→0 and Re→ϱ, namely,
Consequently, it is a simple matter to formulate an approximate empirical correction function for Eq. ͑18͒ by interpolating the ratio of the results for the rectangular beam ͑ob-tained using the numerical procedure given in Ref. 43͒ with the results of Eq. ͑18͒. The hydrodynamic function for the rectangular beam ⌫ rect () can then be expressed as
where ⍀͑͒ is the correction function, which shall now be evaluated. To perform the abovementioned interpolation, ⍀͑͒ is expressed as a rational function in log 10 Re, which satisfies the asymptotic conditions ⍀͑͒→1 as Re→0 and Re→ϱ. The unknown coefficients in the rational function are then evaluated by performing a nonlinear least-squares fit with the numerical data over the range Re͓10 where ⍀()ϭ⍀ r ()ϩi⍀ i (). We emphasize that the resulting expression for ⌫ rect (), Eq. ͑20͒, is approximate in nature. Nonetheless, it is accurate to within 0.1% over the entire range Re͓10 Ϫ6 ,10 4 ͔ for both real and imaginary parts, and possesses the correct asymptotic forms as Re→0 and Re→ϱ. In the absence of any simple exact analytical formula for the hydrodynamic function of an infinitely thin rectangular beam, we use Eq. ͑20͒ in our present formulation.
Finally, we note that the hydrodynamic function ⌫͑͒ for a cantilever beam of arbitrary cross section can be numerically evaluated using the formulation given in Ref. 43 .
C. Frequency response due to a thermal driving force
In this section, we apply the present formulation to the analysis of the frequency response of a cantilever beam that is excited thermally, i.e., by Brownian motion of the molecules in the surrounding fluid. Any dissipative effects due to internal frictional losses in the beam are assumed to be negligible in comparison to those exhibited by the fluid. Since these conditions are typically satisfied in AFM cantilever beams, 5, 28, 32 the results to be presented in this section directly give the thermal noise spectra of these cantilevers.
Since the cantilever beam is excited by Brownian motion of the molecules in the fluid, it is clear that the external driving force being applied to the beam is uncorrelated in position and is stochastic in nature. It then directly follows that the Fourier transform of this driving force F drive (x͉) is independent of position x along the beam, i.e.,
At this stage we note that the expectation value of the potential energy for each mode of the beam must be identically equal to the thermal energy 1/2k B T, where k B is Boltzmann's constant and T is absolute temperature. Since this is the case, it then directly follows that stochastic forces exciting different modes of the beam also differ in magnitude. To evaluate the magnitudes of each of these driving forces, the modes of the damped cantilever beam must be decomposed into the modes of the undamped beam, since any damping will couple all modes. The undamped modes of a cantilever beam are given by
where C n is a solution to Eq. ͑13͒.
To decompose the deflection function of the damped cantilever beam into the modes of the undamped beam, we simply use the properties that ͑i͒ the modes n (x) form an orthonormal basis set and ͑ii͒ each mode is excited by a stochastic driving force whose magnitude is dictated by the above energy criterion. It then follows ͑see Appendix B͒ that the deflection function of the cantilever beam Ŵ (x͉) can be expressed as
where the subscript s refers to the spectral density, B() is defined in Eq. ͑15͒, and the spring constant of the beam k is given by
Substituting Eq. ͑27͒ into ͑25͒ and noting that all modes are uncorrelated, we obtain the required results
For a detailed derivation of the above results, the reader is referred to Appendix B. Equation ͑29a͒ gives the frequency response of the square of the magnitude of the displacement function at all positions along the beam, whereas Eq. ͑29b͒ gives the corresponding result for the slope. We note that in AFM applications, the magnitude of the slope is typically measured ͓i.e., square root of Eq. ͑29b͔͒, since deflections of the beam are often obtained using optical detection systems.
Finally, we note that the total thermal noise present in each mode of the frequency response of the beam, which is obtained by integrating Eq. ͑29a͒ or ͑29b͒ over all frequencies, is independent of the damping in the system. Consequently, these results indicate that the analysis presented by Butt et al., 30 for the total thermal noise in all modes of an undamped cantilever beam, also applies to cantilever beams with arbitrary damping.
D. Limit of small dissipative effects
We now examine the special case where dissipative effects in the fluid can be considered to be small, i.e., when the magnitude of the imaginary component of B() is far smaller than that of its real component. In particular, we consider in detail the case of a cantilever beam excited by a thermal driving force, for which explicit general results for the frequency response of the beam are given in the preceding section. As a result, we demonstrate that the frequency response of each mode of the beam is well approximated by that of a SHO in this limit, and consequently give explicit expressions for the resonant frequency and quality factor of the beam.
To begin, we note that in the limit of small dissipative effects, the modes of the beam are weakly coupled, and consequently can be considered to be uncoupled, to leading order. It then directly follows from Eq. ͑29a͒ that the magnitude of Ŵ (x͉) in the neighborhood of the resonance peak of mode n is well approximated by
where the function a n (x) is independent of frequency and is given by
We note that Eq. ͑30͒ also holds for the frequency response of the slope of the beam Eq. ͑29b͒, except that the function a n (x) is modified accordingly. Since B() has a small imaginary component in these cases, it is clear from Eq. ͑30͒ that the resonance peaks will be sharp yet finite it nature. Furthermore, from Eqs. ͑15͒ and ͑18͒ it is evident that in the neighborhood of a resonance peak, variations in B 4 () are dominated by an O( 2 ) contribution, since the hydrodynamic function ⌫͑͒ varies slowly as O(
Ϫ1/2
). 39 Consequently, in the neighborhood of the resonance peak of mode n, ⌫͑͒ can be considered to be constant, to leading order, and evaluated at the resonance frequency of the mode in the absence of dissipative effects, R,n . Generalizing Eq. ͑15͒ to encompass all modes, we then find that in the neighborhood of the resonance peak of mode n, B() is well approximated by
where vac,n is the resonant frequency in vacuum of mode n, whereas ⌫ r and ⌫ i are the real and imaginary components of ⌫͑͒, respectively. From Eq. ͑32͒, it is also clear that the resonant frequency of mode n in the absence of dissipative effects, R,n , is given by
͑33͒
Substituting Eq. ͑33͒ into ͑32͒ and rearranging we find that B n () becomes
Substituting Eq. ͑34͒ into ͑30͒, and noting that in the limit of small dissipative effects, Х R,n , we then find
which is immediately identifiable as the frequency response of a SHO, with resonant frequency R,n and quality factor Q n defined in Eqs. ͑33͒ and ͑35͒, respectively. We emphasize that the above conclusions and formulae for the resonant frequency and quality factor also hold for the frequency response of the slope of the beam. Finally we note that if Q n ӷ1, it is clear from Eq. ͑34͒ that dissipative effects in the fluid can be considered to be small, and the analogy with the SHO is valid. Conversely, if Q n ՇO(1), then it is evident that such an analogy is not justified. We shall examine these two cases in detail in the following sections.
IV. RESULTS AND DISCUSSION
Results shall now be be presented for the frequency response of cantilever beams of rectangular cross section that are excited thermally; see Fig. 2 . Throughout, it is assumed that the width b of the beam greatly exceeds its thickness h; the hydrodynamic function ⌫͑͒ is defined in Eq. ͑20͒. This case is considered in detail since it is of significant practical importance in application to the AFM. We emphasize, however, that the general formulation presented is applicable to beams of arbitrary cross section that are excited by arbitrary driving forces.
To begin we note that the present theoretical model approximates the hydrodynamic flow around a cantilever beam of large but finite aspect ratio by one that is infinite in aspect ratio. Therefore, it is clear that the model is applicable in practice provided the mode number n is not large ͑i.e., the fundamental mode and its first few harmonics͒. Consequently, we shall primarily restrict our discussion to the fundamental mode and in some instances examine the effects on the higher order modes.
We now define the scaling parameters for the problem which will enable us to examine the frequency response of cantilever beams of arbitrary dimensions and material properties, immersed in viscous fluids of arbitrary density and viscosity. From Eqs. ͑15͒ and ͑18͒, it is evident that the two natural scaling parameters Re and T for the problem are
where b is the width of the beam, h is its thickness, vac,1 is the radial resonant frequency of the fundamental mode of the beam in vacuum, and use has been made of the property that the mass per unit length of the beam ϭ c bh. The parameter Re is a normalized Reynolds number that indicates the importance of viscous forces relative to inertial forces in the fluid. In contrast, T is proportional to the ratio of the addedapparent mass due to inertial forces in the fluid ͑in the absence of viscous effects͒, to the total mass of the beam. Furthermore, from Eqs. ͑12͒ and ͑37͒ it is evident that the parameter Re can be expressed explicitly in terms of the geometric and material properties of the beam
From Eqs. ͑37͒ and ͑38͒ it is then clear that as the dimensions of the cantilever beam are ''uniformly'' reduced, T remains unchanged whereas the Reynolds number Re decreases linearly with the thickness h. We shall examine the implications of this decrease in Re with decreasing beam size ͑i.e., at constant T ͒ in the following discussion. Before presenting the results, we note that values of T for beams immersed in gases and liquids typically differ by three orders of magnitude. This is a direct result of the difference in densities of gases relative to those of liquids. In contrast, values for Re in gases and liquids differ by only one order of magnitude, since the kinematic viscosities / of gases are typically one order of magnitude greater than those of liquids. Consequently, we shall present separate results for gases and liquids that account for these differences.
In the limit of vanishing viscous effects, Re→ϱ, we find from Eqs. ͑19͒ and ͑33͒ that the resonant frequencies of the beam, R,n are given explicitly in terms of its frequencies in vacuum, vac,n , namely
which is the well-known result due to Chu. 1 We shall use Eq. ͑39͒ as our benchmark to examine the effects of viscosity on the frequency response of cantilever beams immersed in viscous fluids.
In Fig. 3 we present results for the frequency response of the slope at the end point (xϭ1) of cantilever beams immersed in gases, for various values of Re and T . Results are given for ReϳO(1) and T ϳO(10 Ϫ2 ), since these correspond to values typically encountered in practice. 18, 23, 28 In all cases, only the region in the neighborhood of the fundamental resonance peak is shown. Also indicated is the quality factor Q 1 of each resonance peak, as evaluated from Eq. ͑35͒, and the resonant frequency in the limit as Re→ϱ, Eq. ͑39͒. It is evident from Fig. 3 that for a given value of T , decreasing Re broadens and shifts the resonance peaks to lower frequencies, a direct result of the increasing importance of viscous effects in the fluid. Furthermore, we note that the peak frequencies are significantly lower than those predicted by the inviscid fluid model, Eq. ͑39͒, for all cases considered. We emphasize that the shift in the peak frequency is primarily accounted for by Eq. ͑33͒, which neglects any dissipative effects, indicating that an increase in inertial forces is the primary cause. These results are consistent with recent experimental results of AFM cantilevers, 17 where it was demonstrated that the shift in the resonant frequency from vacuum to air cannot be account for by the broadening of the resonance peak or by the inviscid fluid model, Eq. ͑39͒. A comparison of such experimental and theoretical results shall be deferred to Ref. 33 , where a detailed study shall be pre- sented. The results in Fig. 3 also demonstrate that for a given Re, an increase in T has the effect of broadening and shifting the resonance peak to lower frequencies. Again, this is a direct result of an increase in viscous effects in the fluid.
In Fig. 4 we give analogous results for cantilever beams immersed in liquids. In this case, the frequency response includes the fundamental mode and its first harmonic and results are presented for T ϳO(10) and ReϳO (10) . These values for Re and T are chosen since they correspond to typical practical values for AFM cantilever beams immersed in liquids. 14, 18, 23 Note the dramatic shifting and broadening in the fundamental resonance peak compared to the results presented in Fig. 3 for gases. It is also clear that significant coupling occurs between the fundamental mode and its first harmonic. In some cases, the first harmonic resonance peak has almost vanished and the peak in the fundamental mode is very close to zero frequency, due to the dramatic effect of the surrounding fluid. In all cases note that the peak frequencies of both the fundamental mode and its first harmonic occur at significantly lower frequencies than that predicted by the inviscid fluid model, Eq. ͑39͒. Furthermore, we note that the general trends regarding variations in Re and T discussed above also apply to the results presented in Fig. 4 .
To quantify the general trends discussed above, in Figs.
5 and 6 we present detailed results for the peak frequency p and quality factor Q 1 of the fundamental resonance, as a function of both Re and T . The peak frequency is numerically calculated from the frequency response, Eq. ͑29b͒, whereas the quality factor is obtained directly from Eq. ͑35͒. Consequently, results presented for Q 1 give quantitative information about the resonance peak provided Q 1 ӷ1, since the analogy with the frequency response of a SHO is only valid in those cases. For Q 1 ՇO(1), however, no such analogy exists and Q 1 only presents qualitative information about the resonance peak. In particular, for Q 1 ՇO(1) one can conclude that substantial broadening of the resonance peak is present, and that the modes are significantly coupled. A reduction in Q 1 will then result in further broadening of the peak and an increased coupling of the modes. Finally, it is interesting to note that a nonzero peak frequency is observed in all cases presented. Such behavior is not observed in a SHO model, where the peak frequency is found to be identically zero for all quality factors Q 1 р1/&. These results demonstrate that for Q 1 ՇO(1) the frequency response of a cantilever beam is not analogous to that of a SHO. We shall discuss this in more detail below.
Of particular interest in application to the AFM is the peak energy of the fundamental resonance, since this is observed as noise in measurements made using the AFM. 18 In Fig. 7 we present the normalized peak energy of the fundamental resonance for gases and liquids, respectively; all results were obtained numerically from Eq. ͑29a͒. Note that in all cases examined, the normalized peak energy displays a minimum at a critical value Re min as the scaled Reynolds number Re is varied for a given T . Consequently, for Re ϾRe min this peak energy increases monotonically with increasing Re, whereas for ReϽRe min it increases with decreasing Re. Upon comparison of Figs. 6͑a͒, 7͑a͒ and Figs. 6͑b͒, 7͑b͒ it is evident that Re min also corresponds to the value of Re where Q 1 ϳ1, indicating that dissipative effects can be considered to be small for ReϾRe min and significant for ReϽRe min . Since the energy in any one mode is fixed, it follows that if dissipative effects are small, then all modes are weakly coupled and the normalized peak energy will decrease with decreasing Re, due to the redistribution of the energy over a larger frequency range, as observed for Re ϾRe min . However, if dissipative effects in the fluid are significant, we find that the energy in the fundamental mode redistributes itself towards lower frequencies ͑see Fig. 4͒ , resulting in an increase in the peak energy for decreasing Re, as observed for ReϽRe min . We emphasize that this increase in peak energy is not due to coupling of the higher order modes into the fundamental mode, since this always remains minimal, as we shall demonstrate below. These results then indicate the possibility that the peak energy observed for a given cantilever beam in air can in fact be smaller than that observed for the same cantilever immersed in water. This phenomenon depends of course on the specific values of Re and T of the cantilever in question, as is evident from Fig. 7 . Next we examine the influence of the surrounding fluid on the magnitude of the deflection functions of the modes, henceforth referred to as the mode shapes, at their peak resonant frequencies. In particular, we study the fundamental mode and its first two harmonics, which correspond to modes 1, 2, and 3, respectively. In Fig. 8͑a͒ we give the mode shapes of the fundamental mode for various values of Re and for a fixed value of T ϭ5. Also included in Fig. 8͑a͒ is the mode shape in the absence of viscous effects (Re→ϱ), which corresponds to no mode coupling. It is strikingly evident from Fig. 8͑a͒ that the mode shape of the fundamental mode at peak frequency is virtually unaffected by the presence of dissipative effects in the fluid, demonstrating that coupling of higher order modes into the fundamental mode is insignificant. In contrast to the fundamental mode, we observe in Fig. 8͑b͒ and 8͑c͒ that its first and second harmonics, modes 2 and 3, are both strongly affected by the presence of dissipative effects in the fluid. Unlike the mode shapes in the absence of viscous effects, it is clear that the nodes in the deflection function are eliminated by the fluid, a direct consequence of the strong coupling between modes when dissipative effects in the fluid are significant.
In Sec. III D we rigorously showed that the frequency response of a cantilever beam is identical to that of a SHO, provided dissipative effects in the fluid can be considered to be small, i.e., Q n ӷ1. We now demonstrate that this analogy is not valid for cases where dissipative effects are not small, i.e., Q n ՇO(1). In Fig. 9 we present the frequency response obtained from Eq. ͑29a͒ for the case where Reϭ10, T ϭ15, in the neighborhood of the fundamental mode, for which Q 1 Х1. We found that for the values of Re and T chosen, the frequency response over the entire frequency range indicated was virtually unaffected by the presence of the higher order modes, in line with the results presented above. Also shown in Fig. 9 is the frequency response of a SHO, whose resonant frequency and quality factor were chosen to ensure that the fit in the neighborhood of the true resonant peak was optimal. This was achieved by performing a nonlinear leastsquares fit of the SHO model to the results of Eq. ͑29a͒. From Fig. 9 it is clear that the frequency response of a SHO is a poor approximation to the true frequency response of the cantilever beam in this case.
V. CONCLUSIONS
We have presented a general theoretical model for the frequency response of a cantilever beam of arbitrary cross section, immersed in a viscous fluid and excited by an arbitrary driving force. The primary restrictions of this model are that the length of the beam must greatly exceed its nominal width, the amplitude of vibration must be small, and the fluid must be incompressible in nature, properties that are satisfied in many cases of practical interest. Unlike previous formulations, the present model accounts for the loading induced by the viscous fluid in a rigorous and quantitative fashion, thus enabling the frequency response to be determined in an a priori manner from a knowledge of the material and geometric properties of the beam and the viscosity and density of the fluid. Since beams of circular or rectangular cross section are of significant importance in many applications, we also presented explicit analytical formulae for their corresponding hydrodynamic functions, which will facilitate the calculation of their frequency responses.
The response of a cantilever beam to a thermal driving force was considered in detail, due to its fundamental significance in application to the AFM. It was found that the importance of viscous effects is strongly dependent on the dimensions of the beam; decreasing these dimensions enhances viscous effects, resulting in increased broadening and shifting of the resonant peak from its value in vacuum. For the case where dissipative effects in the fluid can be considered to be small, it was shown that the frequency response of a cantilever beam is well approximated by that of a SHO in the neighborhood of a resonant peak, for which we presented explicit analytical expressions for the resonant frequency and quality factor. Finally, we presented detailed numerical results for the frequency response of rectangular cantilever beams of arbitrary dimensions, immersed in viscous fluids of arbitrary properties, which we believe will be of significant practical value to the users and designers of AFM cantilever beams. 
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APPENDIX B
In this appendix, we give the formal derivation of the results presented in Sec. III C for the frequency response of a cantilever beam excited by a thermal driving force.
To begin, we note that the deflection function Ŵ (x͉) of a cantilever beam with arbitrary damping can be decomposed into its individual undamped modes n (x), defined in Eq. ͑24͒, by using the property that n (x) form an orthonormal basis set, i.e., For the case of thermal excitation, each mode of the beam is driven by a stochastic force of different magnitude, as discussed in Sec. III C. Noting this, and using the above orthogonality property for n (x), it then follows that the deflection function Ŵ (x͉) can be expressed as
where F n () is the stochastic driving force for mode n. where B() is defined in Eq. ͑15͒. Substituting Eq. ͑B4͒ into ͑B3͒ we obtain ␣ n ͑ ͒ϭ 2 sin C n tan C n C n ͑ C n 4 ϪB 4 ͑ ͒͒͑sin C n ϩsinh C n ͒ . ͑B5͒
To calculate the magnitude of each driving force F n (), we use the property that the expectation value of the potential energy for each mode is 1/2k B T. Consequently, we refer to the general expression for the potential energy U(t) of the beam, 
where ␤ n (t) is the inverse Fourier transform of F n ()␣ n (). Since n (x) satisfy Eq. ͑B1͒, and the boundary conditions given in Eq. ͑4͒, it then follows that the potential energy of each mode U n (t) is given by
dx. ͑B8͒
From this expression and Eq. ͑24͒, the expectation value of the potential energy of each mode ͗U n (t)͘ can be directly calculated and equated with 1/2k B T, from which we obtain Equations ͑B13a͒ and ͑B13b͒ are the required results.
